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( , $narrow\infty$ )
, Miller . , ,
? , [ ?
. , Bessel 3
$J_{n+1}(x)- \frac{2n}{x}J_{n}(x)+J_{n-1}(x)=0$ (1.1)
, , Miller




$J_{1}(x),$ $J_{2}(X),$ $\cdots,$ $JM(X)$ , $N(\geq M)$ ,
$I\dot{\iota}_{N+1}’$ $:=$ $0$ , $I\mathrm{r}_{N}^{r}:=\epsilon_{\mathrm{M}}(=\text{ })^{*};$
$I_{1_{n-1}}’$ $:=$ $\frac{2n}{x}I\iota_{n}’-\mathrm{A}_{n+1}$
’ $(n=N, N-1, \ldots, 1)$
$I\dot{\iota}_{n}’(n=N-1, N-2, \ldots, 0)$ ,
$J_{n}$ $:= \frac{J_{0}}{K_{0}}I_{\dot{1}_{n}}^{r}$ $(n=1,2, \ldots, M)$ (1.3)
.
$*$ : $Ii_{N}^{r}$ $\epsilon_{\mathrm{M}}$ ( $=$ ) , $0$ . $K_{n}$
– $narrow \mathrm{O}$ ,
$Ii_{N}’:=\epsilon_{\mathrm{M}}$ . 1
, , $J_{0}(x),$ $J_{1}(X)$ 3 (1.1) $J_{n}(x)$
( )
$J_{0}$ $:=$ $J_{0}(X)$ , $J_{1}:=J_{1}(x)$ ;
$2n$
$J_{n+1}$ $:=$ $\overline{x}J_{n}-J_{n-1}$ $(n=1,2, \ldots, )$ (1.4)
1 Miller ,
$\langle$ , M ler .






. , \S 2 , ,
, . ,





$x=0.52359879$ , $J_{\mathit{0}}(x),$ $J1(x)$ 0.9326265674 $\cdots,$ $0.2529295727\cdots$
(1.4) $J_{n}(x)$ $(2 \leq n\leq 10)$ 1 ( Miller
$J_{n}(x)$ $(1 \leq n\leq 10)$ ). $n$















93262654 $\mathrm{E}-01$ ( ) 93262654 $\mathrm{E}$ -01( ) 9.326265674 $\cdots$ $\mathrm{E}-01$
$2$ 5292956 $\mathrm{E}-01$ ( ) 25292956 $\mathrm{E}-01$ 2.529295727 $\cdots$ $\mathrm{E}-01$
$3.3493232 \mathrm{E}-02 3.3493205 \mathrm{E}-02 3.349320805\cdots \mathrm{E}-02$
$2.9398739 \mathrm{E}-03 2.9396817 \mathrm{E}-03 2.939681959\cdots \mathrm{E}-03$
$1.9524106 \mathrm{E}-04 1.9306485 \mathrm{E}-04 1.930648801\cdots \mathrm{E}-04$
$4.3189907 \mathrm{E}-05 1.0132040 \mathrm{E}-05 1.013203961\cdots \mathrm{E}-05$
$6.2962532 \mathrm{E}-04 4.4281712 \mathrm{E}-07 4.428171509\cdots \mathrm{E}-07$
$1.4386759 \mathrm{E}-02 1.6581635 \mathrm{E}-08 1.658163695\cdots \mathrm{E}-08$
$3.8404399 \mathrm{E}-01 5.4315024 \mathrm{E}-10 5.431502504\cdots \mathrm{E}-10$
$1.1721134 \mathrm{E}+01 1.5811643 \mathrm{E}-11 1.581164954\cdots \mathrm{E}-11$
$4.025588 \mathrm{E}+02 4.1394788 \mathrm{E}-13 4.142062469\cdots \mathrm{E}-13$
( (2 24 $0$ 1 ) )
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. . . , ,
.
$J_{0}\sim$ $\overline{J_{1}}$ , ,
. , , $I_{0}(x)$ $J_{1}(x)$ $\langle$ ,






$\text{ _{}n+1}\sim=\frac{2n}{x}J_{n}\sim-J_{n-1}\sim$ , $n=1,2,3,$ $\cdots$ (2.196)
$c_{1}$ 1 . $d_{1}$ $c_{1}$ , $0$ . ,





, n/cl . , Neumann $Y_{n}(x)$
$Y_{n}(x) \sim-\frac{(n-1)!}{\pi}(\frac{x}{2})^{-n}$ (2.199)
, , $d_{1}/c_{1}$ ,
$n$ . , $n$ $I_{n}(x)$
.















93262654 $\mathrm{E}$ -01( ) 93262654 $\mathrm{E}$ -01( )
2.5292956 $\mathrm{E}$ -01( ) 2.5292956 $\mathrm{E}$ -01( )
3.3493232 E-02 3.3493214 $\mathrm{E}-02$
$2.9398739 \mathrm{E}-03 2.9397231 \mathrm{E}-03$
$1.9524106 \mathrm{E}-04 1.9352929 \mathrm{E}-04$
$4.3189907 \mathrm{E}-05 1.7186801 \mathrm{E}-05$
$6.2962532 \mathrm{E}-04 1.3471442 \mathrm{E}-04$
1.4386759 $\mathrm{E}-02$ 3.0702403 E-03
$3.8404399 \mathrm{E}-01 8.1957465 \mathrm{E}-02$
$1.1721134 \mathrm{E}+\mathrm{O}1 2.501365 \mathrm{E}+00$




$c_{1}=0.999999975947453934$ , $d_{1}=-1.11635208872772298\cross 10^{-9}$ (2.1)
$3Y_{n}(x)$ Neumann . Neumann 3 (1.1) , Bessel
.
36
, (2.197) . 2 ,
. ,







, $\tilde{J}_{n}$ . \S 2.2.1
$\ovalbox{\tt\small REJECT}$ $\sim$ $d_{1}Y_{n}(x)$
$=$ $-1.1163520\cdots\cross 10^{-9}Y_{n}(x)$ (2.2)
((2.197), (2.1) ), $\tilde{J}_{n}\sim cY_{n}(x)$

















$-1.7874778 \mathrm{E}-01 10000000 \mathrm{E}-00 -1.1163521 \mathrm{E}-09 16011776 \mathrm{E}+08$
-6.7060726 $\mathrm{E}-03$ 99999994 $\mathrm{E}-01$ -5.1009654 E-09 13146665 $\mathrm{E}+06$
-8.0018609 E-05 99999994 $\mathrm{E}-01$ -5.2279245 $\mathrm{E}-09$ 15305000 $\mathrm{E}+04$
$-4.6931427 \mathrm{E}-07 99999988 \mathrm{E}-01 -5.2310985 \mathrm{E}-09 8871620 \mathrm{E}+\mathrm{O}1$
-6.8344104 $\mathrm{E}-09$ 99999988 $\mathrm{E}-01$ -5.2311074 E-09 30649399 $\mathrm{E}-01$
$-5.2347886 \mathrm{E}-09 99999994 \mathrm{E}-01 -5.2311074 \mathrm{E}-09 70379757 \mathrm{E}-04$
$-5.2311134 \mathrm{E}-09 99995207 \mathrm{E}-01 -5.2311074 \mathrm{E}-09 11525084 \mathrm{E}-06$
$-5.2311074 \mathrm{E}-09 10024166 \mathrm{E}+00 -5 2311074 \mathrm{E}-09 14177094 \mathrm{E}-09$
$-5.2311074 \mathrm{E}-09 -2 2622120 \mathrm{E}+\mathrm{O}1^{*} -5.2311074 \mathrm{E}-09 -3.0516931 \mathrm{E}-11^{*}$
$-5.2311080 \mathrm{E}-09 -2.5654360 \mathrm{E}+04^{*} -5.2311080 \mathrm{E}-09 -2.6396626 \mathrm{E}-11^{*}$
( (2 53 $0$ 1 ) ; $*$ . )
, (2.3) $-5.2311074\cdots \mathrm{X}10^{-9}$ ?
, (2.2) -1.1163520. . . $\cross 10^{-9}$ $\text{ }\tilde{\text{ }_{}0}$ ,
$\ovalbox{\tt\small REJECT}$ 3 $\{I_{k}(X)\}_{k},$ $\{Y_{k}(x)\}k$ $\{Y_{k}(x)\}_{k}$










$c_{n},$ $d_{n}$ . 3 2, 3 , $n\geq 5$ $c_{n},$ $d_{n}$
,
$c_{n}\approx 1$ , $d_{n}\approx-5.2311074\cross 10^{-9}$ (2.4)
. (2.3) . , $n\geq \mathit{5}$
$c_{n}$ , $d_{n}$ ,
$J_{n}^{(5)}$ $=$ $c_{5}J_{n}+d5Yn$
$=$ 0.999999876525611286 $J_{n}-\mathit{5}.23110746093993439$ $\cross 10^{-9}Y_{n}$ (2.5)
( $=$ $\tilde{J}_{4},\overline{J}_{5}$ )
,
$\overline{\text{ }_{}n}\approx J_{n}^{(5)}$ $(n\geq 6)$ (2.6)
. $J_{n}^{(5)}$ , $\tilde{\text{ }_{}n}$ 4 .
(2.6) .
4: $\overline{J}_{n}$ $\text{ _{}n}^{(5)}(N=10)$
$c_{n},$ $d_{n}$
$n=\mathit{5}$ 5 ? $|c_{n}J_{n}(x)|/$
$|d_{n}Y_{n}(x)|$ 3 4 . , 5 Jn $=c_{n}J_{n}(x)+d_{n}Y(nX)$
$d_{n}Y_{n}(X)$ , , $|d_{n}Y_{n}(X)|\gg|c_{n}J_{n}(x)|$ $n$ .
,
–
$\overline{\text{ }_{}n}$ , $c_{n}$ , $d_{n}$ , $J_{n}^{(m)}$ .. $\tilde{J}_{n}$ :. $c_{n},$ $d_{n}$ : $\tilde{J}_{n-1},\tilde{J}_{n}$ $\{J_{k}(X)\}k,$ $\{Y_{k}(x)\}k$
38
,$\{$





, $n_{0}$ $|d_{n\text{ ^{}Y_{n}}0}(x)|\gg|c_{n0}\text{ _{}n}0(x)|$




, $\tilde{J}_{n}$ $\delta_{n}$ :
$\tilde{\text{ }_{}n}=\frac{2(n-1)}{x}\tilde{J}_{n-1}-\tilde{J}_{n-2}+\delta_{n}$ $(n=2,3, \ldots)$ .
,
$|\delta_{n}|\leq c\epsilon_{\mathrm{M}}|J_{n}|$ $(n=2,3, \ldots)$ (2.7)




$\overline{J}_{n}=J_{n}^{(n_{0}})(1+R_{n})$ , $|R_{n}| \leq\frac{A((1-CB_{\mathcal{E}_{\mathrm{M}}})^{-}(n-n0)-1)}{1-\gamma}$ (2.9)
.





( ) $\text{ _{}n}\sim(n\geq n_{0}+1)$ , $\text{ _{}n}^{(n_{0})}$ , , $\delta_{n}(n\geq n_{0}+1)$
$\overline{J}_{n}=\text{ _{}n}^{()}n_{0}+\sum_{m=n_{0}+1}a_{n}\delta_{m}m$
$(n\geq n_{0}+1)$ (2.10)
$\mathrm{s}_{A}$ ( [5] ).
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.$2n$
$a_{m-1}^{m}=0$ , $a_{m}^{m}=1$ , $a_{n+1}^{m}=\overline{x}a_{n}^{m}-a_{n-1}^{m}$ $(n=m, m+1, \ldots)$
.
$a_{n}^{m}$
$|J_{n}$ Jm-l $|$ 1 $Y_{m-1}J_{n}$
$a_{n}^{m}= \frac{|Y_{n}Y_{m-1}|}{|\begin{array}{ll}J_{m} \text{ _{}m-1}Y_{m} Y_{m-1}\end{array}|}=\frac{Y_{n}}{Y_{m}}\frac{\wedge J_{m-1}Y_{n}}{1-\frac{Y_{m-1}J_{m}}{J_{m-1}Y_{m}}}=\frac{Y_{n}}{Y_{m}}\alpha_{n}^{m}$
, (2.10) (2.7)
$|\delta_{n}|$ $\leq$ $c \mathcal{E}_{\mathrm{M}(1}J_{n}^{(}n_{0})|+\sum^{n}m=n_{\mathrm{o}}+1|\frac{Y_{n}}{Y_{m}}||\alpha_{n}^{m}||\delta_{m}|)$
$\leq$ $c \epsilon_{\mathrm{M}}((1+\gamma)|dn0Y_{n}|+A\sum_{1m=n_{0}+}^{n}|\frac{Y_{n}}{Y_{m}}||\delta_{m}|)$
$\leq$ $cB \epsilon_{\mathrm{M}}(|d_{n_{0}}Yn|+\sum^{n}m=n_{0}+1|\frac{Y_{n}}{Y_{m}}||\delta_{m}|)$
. , 2 .
$|J_{n}^{(n_{0}})|(=|c_{n_{0}}J_{n}(x)+d_{n}Yn(0x)|=|1+ \frac{c_{n_{0}}J_{n}(X)}{d_{n_{0}}Y_{n}(x)}||d_{n_{0}n}Y|)$ $\leq(1+\gamma)|d_{nn}0Y|$ .
$|d_{n_{\text{ }}}Y_{n}|$
$\frac{|\delta_{n}|}{|d_{n_{0}}Y_{n}|}\leq cB\epsilon_{\mathrm{M}}(1+\sum_{m=n\mathrm{o}+1}^{n}\frac{|\delta_{m}|}{|d_{n_{0}}Y_{m}|}\mathrm{I}$ $(n\geq a_{0}+1)$
, ($n=n_{0}+1,$ $n_{0}+2,$ $\cdots$ )
$\frac{|\delta_{n}|}{|d_{n_{0}n}Y|}\leq\frac{cB\epsilon_{\mathrm{M}}}{(1-cB\epsilon \mathrm{M})n-n\mathfrak{o}}$ $(n\geq n_{0}+1)$
( , $|cB\epsilon_{\mathrm{M}}|<1$ ). , , $\delta_{n}$
.
$| \delta_{n}|\leq|d_{n_{0}n}Y|\frac{cB\epsilon_{\mathrm{M}}}{(1-CB\mathcal{E}_{\mathrm{M}})^{n}-n_{0}}$ $(n\geq n_{0}+1)$ . (2.11)
, (2.10) $J_{n}\sim$
$J_{n}\sim=\text{ _{}n}^{()}n_{0}(1+R_{n})$ ,












: , $\overline{J}_{0},\tilde{J_{1}}$ $J_{0}(x),$ $\text{ _{}1}(x)$
. , $\overline{J}_{0}$ , $\tilde{J}_{1}$ . ,
$\tilde{J}_{0},\tilde{J}_{1}$ .




, (2.8) , $I_{n}(x),$ $Y_{n}(x)$
$\text{ _{}n}(X)\sim\frac{1}{n!}(\frac{x}{2})^{n}$ , $Y_{n}(x) \sim-\frac{(n-1)!}{\pi}(\frac{x}{2})^{-n}$ $(narrow\infty)$ (2.12)
, $\tilde{\text{ }}\mathit{0},\overline{J}_{1}$ ( $\tilde{J}\mathit{0}=$. $0,\tilde{J}_{1}=0$ ),
$n_{0}$ . , , $\overline{J}_{0}$ ,





. , “ ” .
3.
3.1
, “ ” , , $\tilde{J}_{0}$ , $\tilde{J}_{1}$
( $\tilde{I}0=0,\overline{J_{1}}=0$ ), $n$
$\tilde{J}_{n}\propto Y_{n}(x)$ (3.1)
. , $Y_{n}(x)$ (1.4) “ ” (
, $narrow\infty$ ) 6 ,
“ ” , 3 “ ”, ,
6 , – , – , ,
.
41
, $n$ 3 “ ”
. , .
(1.4) (1.2) , “ ”
n(x) , , $\overline{I\mathrm{f}}_{N+1},$ $\overline{I\dot{\iota}’}_{N}$
( $\overline{I\iota^{\nearrow}}_{N+1}=0,\overline{Ii’}_{N}=0$ ), $N$ ,
$\overline{I\iota^{\nearrow}}_{n}\propto\text{ _{}n}(X)$ $(n\ll N)$ (3.2)
. (3.2) , $J_{0}(x)$ , $\overline{Ii^{r}}_{0}/J_{0}(X)$
, $I_{n}(x)(n\ll N)$ ( $\overline{K}_{\mathit{0}}/J_{0(X))^{-1}}\overline{K}n$ (1.3)
.
: , ,
$=$, $=$$=$, “ ” , , “
” . , “ ”
, .
3.2 ( )
\S 3.1 , 3 “ ” , “ ” (3.2)




, $\overline{Ii^{r}}_{n}$ , $c_{n}’$ , $d_{n}’$ , $\mathrm{A}_{n}^{\prime(m)}$ .. $\overline{Ii^{r}}_{n}$ : ( $\overline{Ii’}_{N+1},\overline{I\dot{\iota}’}_{N}$ )
. $c_{n}’,$ $d_{n}’$ : $\overline{\mathrm{A}^{r}}_{n+1},\overline{Ii’}_{n}$ $\{Y_{k}(x)/YN(X)\}k,$ $\{J_{k}(x)/J_{N}(X)\}k$
,
$\{$











( $\epsilon_{\mathrm{M}}$ , $c^{J}$ ) . ( 1
).
2 , $n\leq no-- l$
$| \frac{c_{n_{0}}^{J}(Y_{n}(x)/YN(x))}{d_{n_{0}}’(J_{n}(x)/J_{N}(x))}|\leq\gamma’(<1)$ (3.3)
. $n\leq no-- l$
$\overline{Ii^{r}}_{n}=I\dot{\iota}_{n}’(n\mathrm{o})(1+RJ)n$
’
$|R_{n}’| \leq\frac{A’((1-c’B\prime\epsilon \mathrm{M})^{n}-n0-1)}{1-\gamma^{J}}$ (3.4)
.





, $I_{n}(x),$ $Y_{n}(x)$ (2.12) , 2 (3.3) , $\overline{Ii^{r}}_{N+1},\overline{I\zeta}_{N}$
( $\overline{Ii^{r}}_{N+1}=0,\overline{Ii’}_{N}=0$ ), $N$ , $no\ll N$
. , , $\overline{Ii^{r}}_{N+1},\overline{I\dot{\iota}’}_{N}$




$\sim$ $d_{n_{0}}’\text{ _{}n}(X)/J_{N}(x)$ $(n\ll N)$ (3.5)







, , $\text{ _{}N+1}$ , $\text{ _{}N}$ . ,
, $N$
$\text{ _{}N+1}(X)\approx 0$ , $\text{ _{}N}(X)\approx 0$ , $|J_{N+1}(x)|\ll|J_{N}(X)|$
7A’ ( [5] ).
43
, $J_{N+1}(x)$ , $J_{N}(x)$ $0,$ $\epsilon_{\mathrm{M}}$ ( $=$ ) ,
$Ii_{N+1}^{r}=0$ , $Ii_{N}’=\mathcal{E}_{\mathrm{M}}$ ( $=$ $\sqrt[\backslash ]{}\grave{J}\text{ ^{}\mathrm{o}}\backslash J\text{ }\grave{y}$)$\backslash$ (3.6)
. 8 , $n\ll N$ , $n$ $N$
$\overline{I\dot{\iota}’}_{n}\propto J_{n}(x)$
– –
. , $no=N$ 2 (3.3)
$| \frac{C_{N}’(Y_{n}(x)/Y_{N(x))}}{d_{N}’(^{\text{ _{}n}}(x)/\text{ }N(x))}|=|\frac{Y_{n}(x)/YN+1(x)}{J_{n}(x)/j_{N+}1(X)}|$
, $J_{n}(x),$ $Y_{n}(x)$ (2.12) ,
. , $no=N$ 2 (3.3) ,
$\overline{I\dot{\iota}’}_{n}\approx I\dot{\iota}_{n}^{\prime()}N$ $(n=N, N-1, \cdots, 0)$
. ,
$Ii_{n}^{\prime()}N \propto J_{n}(x)-\frac{J_{N+1}(x)}{Y_{N+1}(x)}Y_{n}(x)$
, 2 $n$ $0$ , $\overline{I\dot{\iota}’}_{n}$ cx $J_{n}(x)$
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